7. Lecture #6:Global well-posedness for the H1(R") critical NLS -Part |

We recall that the H?! critical exponent for (1) is p=1+ niz. We also recall the following
theorem that can be basically completely proved using either directly or indirectly theorems and

arguments already presented in Lecture #4 and Lecture #5:

Theorem 7.1. [Local or global small data well-posedness for thid 1 critical NLS] We have the
following two results:

(1) For any up 2 H?! there exist T = T(up) and a unique solutionu 2 S[lT;T] to (1) with

p=1+ ﬁ and = 1. Moreover there is continuity with respect to the initial data.
(2) There exists small enough such that for anyup; Kugky : there exists a unique global

solution u 2 St to (1) with p=1+ niz and = 1. Moreover there is continuity with

respect to the initial data and scattering in the sense that there exista 2 H?® such that
ku(t) S(t)u ky:!' 0 as t! 1

Proof. It is clear that the part about well-posedness is a summary of what has been proved in
Lecture #4. The part about scattering instead can be proved as in Lecture #5 and by simply
observing that Proposition 6.16 follows directly from the well-posedness proof thanks to the
small data assumption.

Remark 7.2. We rst remark that this theorem doesn't see the focusing or defocusing nature of
the equation. This clearly means that in Theorem 7.1 the NLS is treat as a \small" perturbation
of the linear problem. Due to the criticality of the problem and hence the fact that T depends
also on the pro le of the initial data an iteration argument based on the conservation of mass
and energy is not possible. It is also clear that even increasing the regularity of the data the
large data problem doesn't become any easier.

The rst break through on this problem is due to Bourgain [13]. He considers the defocusing
case withn = 3;4 and assumes radial symmetry for the problem. He proves the second part of
Theorem 7.1 for arbitrarily large radially symmetric data. Here we summarize the main steps
of Bourgain's proof for n = 3, which doesn't really do justice to the novelty and depth of the
proof itself. The background argument is done by induction on the size of the energ¥g, the
only quantity, besides the mass that here doesn't play much of a role, that remains controlled
over time. From Theorem 7.1 the rst step of the induction (small E) is in place. Let's now
assume the second induction assumption that ifE < E ¢ then the theorem is true. We take
E = Eo and we want to prove that also in this case the theorem is true. One rst shows that the
theorem follows if and only if a priori one knows that the norm L{°L 10 of the solution remains
bounded (see Theorem 4.8). Then the proof proceeds by contradiction. One supposes that there
is a solution u such that kUkLtloL;() is arbitrarily large and E = Ep. The heart of the proof is

on showing that at some time tg there is concentration of the H® norm: There exists a small
ball centered at the origin B such that ku(to)ky1g,) > , and this ball is \su ciently isolated"
from the rest of the solution . It is here that the radial assumption is used. At this point one
restarts the evolution at time tg by splitting the data as

0= u(to) B, and 1= u(to)(1 B,);

where g, is the indicator function for the ball Bg, and evolving o with NLS and 1 with
a di erence equation so that the sum of the two evolutions give the solution to NLS. Since
now o2 H!'andx 2 L2 it follows?® that the evolution v of ¢ is global in time. Moreover

25This result is for example proved in [19] as a consequence of the pseudo-conformal transformation and a
monotonicity formula linked to it.
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since E( o) 2 it follows that E( 1) < Egq 2. Hence for the dierence equation we are
in the induction assumption. This is not quite like to have the equation under the induction

assumption, but with some relatively straightforward perturbation theory 26 one also gets that
the evolution w of 1 is global. Hence we have a global evolution for the solutiom = v+ w to

NLS and as a consequence a uniform bound fdwkj .0, 3o which is a contradiction.

Almost at the same time, with the same radial symmetry assumption above, Grillakis [41]
proved a slighter weaker result than Bourgain's, namely existence and uniqueness for smooth
global solution. It took few more years to remove the radial assumption and obtain the following
theorem and its corollary [29]:

Theorem 7.3. For any ug with nite energy, E(ug) < 1 , there exists a uniqué’ global solution
u2 CAHNH\ L to (1) with p=5;n=3; =1 such that

1

(129) / / ju(t; x)j% dxdt  C(E(up)):
1 R3

for some constantC(E (ug)) that depends only on the energy.

As one can see from Theorem 4.8 and from the arguments in Lecture #5, the_tl;g bound
above also gives scattering and and persistence of regularity:

Corollary 7.4. Let ug have nite energy. Then there exist nite energy solutionsu (t;x) to
the free Schiodinger equation(i@+ ) u =0 such that

ku (t) u(t)k,,! Oast! 1l

Furthermore, the mapsug 7! u (0) are homeomorphisms fromH.1(R3) to H1(R®). Finally, if
Ug 2 HS for somes > 1, then u(t) 2 HS for all time t, and one has the uniform bounds

supku(t)kys  C(E(up);s)kuokys:
t2R

Most of the rest of this lecture and Lecture # 7 will be devoted to give an idea of the proof
for Theorem 7.3. Still for the defocusing case and fon > 3 we recall rst the result of Tao [70],
where an equivalent of Theorem 7.3 is proved still under the radial assumption, the result of
Ryckman and Visan [67] forn = 4, where the radial assumption is removed, and nally the full
generalization for anyn 5 by Visan [74].

The situation in the focusing case was rst considered successfully by Kenig and Merle. They
prove the following theorem [50]:

Theorem 7.5. Assume thatE(up) < E (W);kuok,, < KWk, wheren = 3;4;5 and up is
radial and W is the stationary solution (soliton). Then the solution u to the critical H?* focusing
IVP (1) with data up at t =0 is de ned for all time and there existsu 2 H! such that

kS(t)u u(t)ky. ! Oast! 1

Moreover for ug radial, E(up) < E (W), but kugk,,, > kWky,,, the solution must break down in
nite time.

This result has been extend in every dimension and for general data in [54]. Moreover a
similar result has been proved by Kenig and Merle for the critical wave equation without the
radial assumption [51], see also [52]. The proof of Theorem 7.5 introduces a new point of view for
these problems. Using a compensated compactness argument the authors reduce matters to a

26That works tanks to the fact that the ball is “sufficiently” isolatd from the rest of the solution.

27n fact, uniqueness actually holds in the larger space CP(Hy}) (thus eliminating the constraint that u € L0 )
[29].
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rigidity theorem, which is proved with the aid of a localized virial identity (in the spirit of Merle
[59, 60]). The radiality enters only in the proof of the rigidity theorem. In the case of the critical
wave equation other consideration ofelliptic nature are used to remove the radial assumption.
The authors also use in their approach a prole decomposition proved in the context of the
Schredinger equation by Keraani [53].

7.6. Idea of the proof of Theorem 7.3. To give a complete proof of this theorem in less
than two lectures is impossible, so we will rst outline the idea of the proof and then we only
show rigourously few parts of it.

First the naive approach: We follow the strategy of induction/contraddiction introduced by
Bourgain. We de ne Et the critical energy below which the L{°L 1% norm of a solutions stays
bounded by some constant depending on the energy. We then identify a smootminimal energy
blow up solutionu of energyE;t such that

(130) kUkLtloL%o > M,

where M is as large as we please. For this solution we then show a series of properties that at
the end will actually give

(131) kUkLt“’L;O C(Ecrit );

contradicting (130).
This is in order the summary of the properties we prove for theminimal energy blow up
solution on a xed (compact) interval of time 1

(1) Frequency and space localization: For eacht 2 | there existsN (t) > 0 andx(t) 2 R®
such that a(t) is mostly supported at frequency of size proportional toN (t) and u(t) is
mostly supported on a ball centered atx(t) and radius proportional to - To prove
the frequency localization part one uses the intuition that the minimal energy blow up
solution u, at a given time tg, cannot have two componentsu and u. which Fourier
transforms are supported respectivelyinj j N andjj KN; K >> 1, and such that
both pieces carrie a large amount of energy. The reason for this is that the energy relative
to u will make the energy relative to u. smaller than E;j; and viceversa. Hence both
u and u; can ow globally. On the other hand if K is large enough their nonlinear
interaction is basically negligible, hence perturbation says that basicallyu u + u.,
henceu exists globally and its L°L % norm is uniformly bounded, a contradiction. A
similar, but just a bit more complicated, argument gives also space localization.

(2) Frequency localized interaction Morawetz inequality: As we mentioned several
times whenever a problem is not a perturbation of the linear one, like the critical ones
for example, in order to obtain a global statement we need to have a global space-time
bound. We learned that the Morawetz estimates for the defocusing problem and the
Viriel identity for the focusing one are the types of estimates that we want to have.
Bourgain in fact used the classical Morawetz estimate that appears in (30) withp = 5.
Here the presence of the denominator forced the radial symmetry. Here instead we
would like to use the Interaction Morawetz estimate (116). This is weaker in the sense
that we only have the fourth power, but it is also stronger since we do not have a
denominator. We keep in mind that our nal goal is to show boundedness of thel ,1°L§°
norm of the minimal energy blow up solutionu so we need to upgrade thé{fL# norm. We
believe that for the low frequencies, where the energy is very small thanks to localization,
Strichartz estimates will be enough to give us the bound in theL°L1% norm. For the
high frequencies we also have small energy, but we expect that the Strichartz estimates
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are too weak here. So the idea is to rst prove (116) for the high frequency part of the
solution. We have for allN < N min

(132) //jP NLU(E X)) dxdt . (N3
|

where Nmin = inf to; N (t) for which one can proveNqin, > 0 and ; is a small quantity.
Note that the quantities appearing in the right hand side of (132) are independent ofl .

(3) Uniform boudedness of time interval [ 1 Assuming that N (t) doesn't run to in nity,
use the L{L¢ bound, which is uniform in I, to get a uniform bound on the length of
time interval | itself. With this information now, since most of the solution remains
on a uniformly bounded frequency window, perturbation will provide the nal uniform
bound for the L{°L1% norm.

(4) Uniform Boudedness of N (t): We mentioned above that there existsNmy, such that
0<Nmin N(t), and this in not hard to prove. In fact by rescaling®® one can assume

that
Nmin =1:
The di cult part is to show that there exists Npax < 1 such that
N(t) Nmax:
Again by contradiction one assumes that giverR >> 1 there existstr such that N (tr) >
R and by de nition most of the energy is located on frequenciesR < N (tr) . j j. But

then one can prove by a simple application of the \I-method" that although the energy
has migrated on very large frequencies, somitering of mass has been left on medium
frequencies. But mass on medium frequencies is equivalent to energy, hence there is
some signi cant energy left over on medium frequencies. If thenR is large enough these
two pieces of the solutionu, the one at very high frequencies and the one at medium
frequencies, are very separated and each has a signi cant amount of energy. But this
cannot happen for aenergy critical blow up solution HenceNpmax must be bounded.

In order to proceed with the outline given above we use heavily Strichartz estimates (12) and (13),
improved bilinear estimate (14) and multilinear estimates of di erent kinds. A very important
tool that was mentioned often above is the theory of perturbation that in practice is made of

a serious of perturbation lemmas. These lemmas are particularly useful when we have to claim
that if u is a solution to NLS and v is a solution of an equation which is a small perturbation of
NLS, then u and v are close to each other and if one exists the other does too. Here we report
two examples of such lemmas.

Lemma 7.7 (Short-time perturbations). Let | be a compact interval, and lety be a function
onl R® which is a near-solution to (1) with p=5 and =1 in the sense that

(133) (i@ + %)~u = juj*u+ e
for some function e. Suppose that we also have the energy bound
KK cony ps) B

for someE > 0. Let tp 2 |, and let u(tg) be close tot(tp) in the sense that
(134) ku(to)  e(to)ky, =

28gince the problem is H' critical and we only use the energy, nothing will change by rescaling!
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for some E®> 0. Assume also that we have the smallness conditions

(135) kr tkatwL)::,o:l's(l R3) 0
(136) kr €110 (u(to)  eto)) Ky yo s0-13, s,
(237) kr ekL?Lg=5
for some0< < , where ¢ is some constant g = o(E;E9 > 0.
We conclude that there exists a solutioru to (1) with p=5 and =1 on| RS2 with the
speci ed initial data u(tp) at tg, and furthermore
(138) ku kg gs . E°
(139) Kukgr(| sy - E%+ E
(140) ku u'kLtl;Q(I R3) - kr (u U’)kLtwL):)(‘o:w(l R3) °

1
(141) ke (i@+ 5)( U Wk oo g -

Note that u(tg) ttp) is allowed to have large energy, albeit at the cost of forcing to be
smaller, and worsening the bounds in (138). From the Strichartz estimate (12), we see that the
hypothesis (136) is redundant if one is willing to takeE®= O(").

Proof. By the well-posedness theory presented in Lecture #4, it su ce to prove (138) - (141) as
a priori estimates’®. We establish these bounds fot  to, since the corresponding bounds for
the t to portion of | are proved similarly.

First note that the Strichartz estimate (12) and (13) give,

kiksi gey - E+ kKoo py Kekg g gy *+ ™

By (135) and Sobolev embedding we havda{ukLt;g ( m3 - 0. Astandard continuity argument
in | then gives (if "o is su ciently small depending on E)
(142) kuksl(l R3) - E:

Dene v:=u d. Foreacht2 | de ne the quantity

1 _
S() = kr (1@+ 5) V) my;

From using again Strichartz estimates and the de nition of S, (136), we have

(143) Kr VKo s0-15 ke (v €@ )3 y(tg)k
t X

([toit] R3) - LLOLLO™ B ([tost] R3)

+ kr & 103 y(to)k

LIOLL P ([to;t] R3)

kv @t )z V(to)Ks (o) mey * "
(144) .S+ ™
On the other hand, sincev obeys the equation

5
(i@+ %) v=ju+ vite+ v) jobite e= Z(Vju5 1y e
=1

29That is, we may assume the solution u already exists and is smooth on the entire interval I.
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where ( v1;V2;V3; Vs, Vs) denotes any combination ofv; and vj. By some standard multilinear
estimates, (135), (137), (144) then

5
S(t). "+ > (S()+ ")tg
j=1
If "o is su ciently small, a standard continuity argument then yields the bound S(t) . " for all
t 2 1. This gives (141), and (140) follows from (144). Applying Strichartz inequalities again,

(134) we then conclude (138) (if" is su ciently small), and then from (142) and the triangle
inequality we conclude (139).

We will actually be more interested in iterating the above Lemma® to deal with the more
general situation of near-solutions with nite but arbitrarily large Ltl;g norms.

Lemma 7.8 (Long-time perturbations). Let | be a compact interval, and lets be a function on
| R® which obeys the bounds

(145) kU’kLtlg (| R3) M
and
(146) KoK, wps sy E

for some M;E > 0. Suppose also thatt is a near-solution to (1) with p=5 and =1 in the
sense that it solves(133) for somee. Let tp 2 |, and let u(tg) be close tot(tg) in the sense that

ku(to)  e{to)ky, =
for some E®> 0. Assume also that we have the smallness conditions,

e .
(147) kr €192 (u(to)  o(to)) Ky o so1s; g

kr ekL?LS:5(| 2 "
for some0<"<" 1, where"; is some constant'; = "1(E;E%M) > 0. We conclude there exists
a solution u to (1) with p=5 and =1 on| R3 with the speci ed initial data u(tp) at to,
and furthermore

ku kg gs) C(M:E;E 9
kukgi( s C(M;E;E9

ku ko ey KT (U oK o st gy CIMIESE O

Once again, the hypothesis (147) is redundant by the Strichartz estimate if one is willing to
take EC = O("); however it will be useful in our applications to know that this Lemma can
tolerate a perturbation which is large in the energy norm but whose free evolution is small in
the L20w,;>%" norm.

This lemma is already useful in thee = 0 case, as it says that one has local well-posedness in
the energy space whenever thetl;g norm is bounded; in fact one has locally Lipschitz dependence

on the initial data. For similar perturbative results see [13], [12].

30We are grateful to Monica Visan for pointing out an incorrect version of Lemma 7.8 in a previous version of
this paper, and also in simplifying the proof of Lemma 7.7.
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Proof. As in the previous proof, we may assume thatg is the lower bound of the interval | . Let
"o = "o(E; 2E9 be as in Lemma 7.7. (We need to replacé& ° by the slightly larger 2E° as the
H! norm of u wis going to grow slightly in time.)

The rst step is to establish a St bound on . Using (145) we may subdividel into C(M;" o)
time intervals such that the Ltl;Q norm of ¢ is at most "o on each such interval. By using (146)
and Strichartz estimates, as in the proof of (142), we see that th&s! norm of & is O(E) on each
of these intervals. Summing up over all the intervals we conclude

kuks_la R3) C(M, E;" 0)

and in particular
kr UkLEOL)::,o:w(I R3) C(M;E;" o):

We can then subdivide the interval I into N C(M;E;" o) subintervals I;  [Tj; T;+1] so that
on eachlj we have,

kr trkLtmLfoﬂg(lj R9) 0.
We can then verify inductively using Lemma 7.7 for eachj that if ", is su ciently small de-
pending on"g, N, E, EC then we have
ku kg msy C()E®
kuksl(lj R3) C(j)(E°+ E)
kr (U u)kLEOLfOZB(Ij R3) C(j)"

. 1 .
kr (I@ + é )( u u')kL?ngs(lj R3) C(J )
and hence by Strichartz we have

it Tl
kr € Ti+1)3 (u(Tj+1) br(Tj+l))k|_110|_§’°:13(l R3)

ke €t T2 (u(T) Tk +C(j)"

LIOLE=B (1 R3)
and

ku(Tj+1)  e(Tjea)ky, kou(Ty)  e(Tj)ky. + C(j)"
allowing one to continue the induction (if "1 is su ciently small depending on E, N, E® ",
then the quantity in (134) will not exceed 2E9. The claim follows.



[1]
2]
3]
[4]

[5]

(10]
(11]
12]
(13]
(14]

(15]
(16]

17]
18]
[19]
[20]
[21]
[22]
23]
[24]
[25]
[26]
[27]
28]
[29]

(30]

61

References

J.-P. Anker and V. Pierfelice. Nonlinear Schréidinger equation on real hyperbolic spaces, preprint, see
Arxiv.org.

R. Anton. Strichartz Inequalities for Lipschitz Metrics on Manifolds and Nonlinear Schrodinger Equation on
Domains, preprint, see arxiv.org.

V. Banica. The nonlinear Schrédinger equation on the hyperbolic space, Comm. P.D.E. 32 (2007), no. 10,
1643-1677.

V. Banica, R. Carles, and G. Staffilani. Scattering theory for radial nonlinear Schrédinger equations on
hyperbolic space, G.A.F.A, (to appear).

V. Banica, R. Carles, and T. Duyckaerts On scattering for NLS: from Euclidean to hyperbolic space, preprint,
see Arxiv.org.

E. Bombieri and J. Pila, The number of integral points on arcs and ovals, Duke Math. J. 59 (1989), no. 2,
337-357.

J. Bourgain. Ezponential sums and nonlinear Schrédinger equations, Geom. Funct. Anal. 3 (1993), 157-178.
J. Bourgain. Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear
evolution equations I,II, Geom. Funct. Anal., 3 (1993), 107-156, 209-262.

J. Bourgain. Refinements of Strichartz’ inequality and applications to 2D-NLS with critical nonlinearity.
Internat. Math. Res. Notices, no. 5, (1998) 253-283.

J. Bourgain, Growth of Sobolev norms in linear Schrédinger equations with quasi-periodic potential, Comm.
Math. Phys. 204 (1999), no. 1, 207-247.

J. Bourgain, On growth of Sobolev norms in linear Schrodinger equations with smooth time dependent poten-
tial, J. Anal. Math. 77 (1999), 315-348.

J. Bourgain. New global well-posedness results for nonlinear Schrodinger equations, AMS Publications, (1999).
J. Bourgain. Global well-posedness of defocusing 3D critical NLS in the radial case, JAMS 12 (1999), 145-171.
J. Bourgain, W.-M. Wang, Diffusion bound for a monlinear Schrédinger equation, Mathematical aspects of
nonlinear dispersive equations, 21-42, Ann. of Math. Stud., 163, Princeton Univ. Press, Princeton, NJ, 2007.
J. Bourgain. On Strichartz inequalities and the nonlinear Schrodinger equation on irrational tori, preprint.
N. Burq, P. Gérard, and N. Tzvetkov. An instability property of the nonlinear Schrédinger equation on S,
Math. Res. Lett. 9 (2002), 323-335.

N. Burq, P. Gérard, and N. Tzvetkov. Strichartz inequalities and the nonlinear Schrodinger equation on
compact manifolds, Amer. J. Math. 126 (2004), 569-605.

N. Burq, P. Gérard, and N. Tzvetkov. Bilinear eigenfunction estimates and the nonlinear Schrédinger equation
on surfaces, Invent. Math. 159 (2005), 187-223.

T. Cazenave. Semilinear Schrédinger equations, Courant Lecture Notes in Mathematics, 10. New York Uni-
versity, Courant Institute of Mathematical Sciences, AMS, (2003).

J. Colliander, J. Holmer, M. Visan and X. Zhang. Global ezistence and scattering for rough solutions to
generalized nonlinear Schrdinger equations on R, Comm. Pure Appl. Anal. 7, (2008), 467-489.

T. Cazenave and F. Weissler, The Cauchy problem for the critical nonlinear Schrédinger equation in HS®,
Nonlinear Anal. 14 (1990), 807-836.

M.Christ, J. Colliander and T.Tao. Asymptotics, frequency modulation, and low regularity ill-posedness for
canonical defocusing equations, Amer. J. Math. 124 (2003), 1235-1293.

M.Christ, J. Colliander and T.Tao Instability of the periodic nonlinear Schrodinger equation, preprint, see
arxiv.org.

J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao. Global well-posedness for Schridinger equations
with derivative, Siam J. Math. 33 (2001), 649-669.

J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao. A refined global well-posedness result for Schrédinger
equations with derivative, SIAM J. Math. Anal. 34 (2002), no.3, 649-669

J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao. Almost conservation laws and global rough solutions
to a nonlinear Schrédinger equation, Math. Research Letters, 9 (2002), 659-682.

J.Colliander, M.Keel, G.Staffilani, H.Takaoka, T.Tao. Sharp global well-posedness for KdV and modified KdV
on R and T, J. Amer.Math.Soc. 16(2003), 705-749

J. Colliander, M. Keel, G. Staffilani, H. Takaoka and T. Tao. Global eristence and scattering for rough
solutions to a nonlinear Schédinger equations on R® | C. P. A. M. 57 (2004), no. 8, 987-1014.

J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao. Global well-posedness and scattering in the
energy space for the critical nonlinear Schrédinger equation in R*, to appear in Annals Math.

J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao. Resonant decompositions and the I-method for
cubic nonlinear Schrodinger on R?, preprint, see Arxiv.org.



62
(31]
(32]
(33]
(34]
(35]
(36]
37]
(38]

(39]

(40]
41]
42]
(43]

[44]
(45]

(46]

[47]
(48]

(49]
(50]
[51]
[52]
53]
[54]
[55]
[56]
[57]
(58]

[59]

J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao Sharp multi-linear periodic KdV estimates and
applications, preprint.

J. Colliander, M. Grillakis and N. Tzirakis. Improved interaction Morawetz inequalities for the cubic nonlinear
Schrdinger equation on R?, Int. Math. Res. Not. (2007).

J. Colliander, G. Staffilani, H. Takaoka, Global wellposedness for KdV below L?, Math. Res. Lett. 6 (1999),
no. 5-6, 755-778.

D. De Silva, N. Pavlovic and N. Tzirakis. Global well-posedness for the L? critical nonlinear Schrédinger
equation in higher dimensions, Commun. Pure Appl. Anal. 6 (2007), no. 4, 10231041.

D. De Silva, N. Pavlovic and N. Tzirakis. Global well-posedness for the periodic Schridinger equation in 1D
and 2D, Discr. Cont. Dyn. Syst. 19, (2007), 37-65.

D. De Silva, N. Pavlovic and N. Tzirakis. Global well-posedness and polynomial bounds for the defocusing L>
critical nonlinear Schrédinger equation in R, preprint, see Arxiv.org.

Y. Fang and M. Grillakis. On the global existence of rough solutions of the cubic defocusing Schrddinger
equation in R®T! | J. Hyper. Diff. Eqgs., 4, (2007), 233-257.

R. Glassey. On the blow up of solutions to the Cauchy problem for nonlinera Schrédinger operators, J. Math.
Phys. 8, (1977), 1794-1797.

J. Ginibre. Le probléme de Cauchy pour des EDP semi-linéaires préiodiques en variables d’espace (d’aprés
Bourgain). (French. French summary) [The Cauchy problem for periodic semilinear PDE in space variables
(after Bourgain)] Seminaire Bourbaki, Vol. 1994/95. Asterisque No. 237 (1996), Exp. No. 796, 4, 163—187.
J. Ginibre and G. Velo. Scattering theory in the energy space for a class of nonlinear Schrédinger equations,
J. Math. Pure Appl. 64, (1985), 363-401.

M. Grillakis. On nonlinear Schréodinger equations. , Comm. Partial Differential Equations 25 (2000), no.
9-10, 1827-1844.

A. Hassell, T. Tao and J. Wunsch. A Strichartz inequality for the Schroedinger equation on mon-trapping
asymptotically conic manifolds, Comm. part. Diff. Equ. , 30, (2005), 157—-205.

A. Hassell, T. Tao and J. Wunsch. Sharp Strichartz estimates on non-trapping asymptotically conic manifolds,
Amer. J. Math., 128, (2006), 963-1024.

N.J. Hitchin, G.B. Segal, R.S. Ward Integrable Systems, Oxford Graduate Texts in Mathematics, 4 (1999).
A. D. Ionescu and G.Staffilani. Semilinear Schrédinger Flows on Hyperbolic Spaces: Scattering in H*,
preprint, see Arxiv.org.

A. Tosevich, E. Sawyer and A. Seeger, Mean square discrepancy bounds for the number of lattice points in
large convex bodies J. Anal. Math. 87 (2002), 209-230.

M. Keel and T. Tao. Endpoint Strichartz estimates, Amer. J. Math. 120 (1998), 955-980.

M. Keel and T. Tao, Global well-posedness for large data for the Mazwell-Klein-Gordon equation below the
energy norm, preprint.

M. Keel and T. Tao, Local and global well-posedness of wave maps on R*™ for rough data, Intl. Math. Res.
Notices 21 (1998), 1117-1156.

C. E.Kenig and F. Merle. Global well-posedness, scattering and blow-up for the emergy-critical, focusing,
non-linear Schrédinger equation in the radial case, Inventiones Math. 166, (2006), 645-675.

C. E.Kenig and F. Merle. Global well-posedness, scattering and blow-up for the energy critical focusing non-
linear wave equation, Sem. Equ. Der. Partielles, Ecole Polytech., Palaiseau (2007)

C. E.Kenig and F. Merle. Scattering for H* /2 bounded solutions to the cubic, defocusing NLS in 3 dimensions.
To appear, Tran. Amer. Math.Soc.

S. Keraani. On the defect of compactness for the Strichartz estimates of the Schridinger equations, J. Differ-
ential Equations, 175, 2001, 2, 353392.

R. Killip, M. Visan. The focusing energy-critical nonlinear Schrdinger equation in dimensions five and higher,
preprint, see Arxiv.org.

R. Killip, M. Visan and X.Zhang. The mass-critical nonlinear Schridinger equation with radial data in
dimensions three and higher, preprint, see Arxiv.org.

R. Killip, T. Tao and M. Visan The cubic nonlinear Schrdinger equation in two dimensions with radial data,
preprint, see Arxiv.org.

C. Kenig, G. Ponce, L. Vega, A Bilinear Estimate With Applications to the KdV Equation, Journal of the
AM.S., 9 (1996), 573-603.

J. Lin and W. Strauss. Decay and scattering of solutions of a nonlinear Schridinger equation, J. Funct. Anal.
30, 1978, 245-263.

F. Merle. Determination of blow-up solutions with minimal mass for nonlinear Schrodinger equations with
critical power, Duke Math. J., 69, 1993, 2, 427454.



[60]
[61]
(62]

[63]
(64]

[65]
[66]
(67]
(68]

[69]
[70]

[71]
[72]
73]
[74]

[75]

63

F. Merle. On uniqueness and continuation properties after blow-up time of self-similar solu- tions of nonlinear
Schrdinger equation with critical exponent and critical mass, Comm. Pure Appl. Math. 45,(1992), no. 2,
203254.

C. Morawetz. Time decay for the nonlinear Klein-Gordon equation, Proc. Roy. Soc. A 306, 1968, 291-296.
T. Ozawa. On the nonlinear Schrodinger equations of derivative type, Indiana Univ. Math. J. 45 (1996),
137-163.

R. Palais. The symmetries of solitons, Bull. of AMS, 34 (1997), 339-403.

V. Pierfelice. Weighted Strichartz estimates for the Schrédinger and wave equations on Damek-Ricci spaces,
Preprint (2005).

F. Planchon and L. Vega. Bilinear virial identities and applications, preprint, see Arxiv.org.

G Pick, Geometrisches zur Zahlenlehre, Sitzungber, Lotos (Prague) 19 (1899), 311-319.

E. Ryckman, M. Visan. 1Global well-posedness and scattering for the defocusing energy-critical nonlinear
Schrdinger equation in R'™, Amer. J. Math. 129, (2007), 34-56.

G. Staffilani, On the growth of high Sobolev norms of solutions for KdV and Schrédinger equations, Duke
Math. J. 86 (1997), no. 1, 109-142.

T. Tao. Nonlinear Dispersive Equations: local and global analysis, CBMS, 106 (2006).

T. Tao. Global well-posedness and scattering for the higher-dimensional energy-critical non-linear Schrodinger
equation for radial data. To appear, New York J. Math.

T. Tao, M. Visan and X. Zhang. Global well-posedness and scattering for the defocusing mass-critical nonlinear
Schrtiinger equation for radial data in high dimensions, Duke Math. J. 140 (2007), 165-202.

T. Tao, M. Visan and X. Zhang. Minimal-mass blowup solutions of the mass-critical NLS, preprint, see
Arxiv.org.

W.-M. Wang, Logarithmic bounds on Sobolev norms for the time dependent linear Schrddinger equation,
preprint, 2008. http://arxiv.org/abs/0805.3771

M. Visan. The defocusing energy-critical nonlinear Schrodinger equation in higher dimensions, Duke Math.
J. 138 (2007), 281-374.

M. Visan and X. Zhang Global well-posedness and scattering for a class of nonlinera Schrodinger equations
below the energy space, preprint, see Arxiv.org.



